Depth measures for the study of real and
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Abstract In biomedical context examples of functional data to be studied with suitable statistical techniques are more and more frequently appearing. The paper is
focused on the analysis of ECG signals, both arising from real clinical practice and
numerical simulations, as multivariate functional data. The main focuses of the analysis are the application to such data of new techniques arising from the generalization of depth measures theory, as well as their use for the validation of simulated
signals.
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1 Introduction and Motivations
A natural tool to analyze functional data, when the interest is in pointing out an order
among curves, is the idea of statistical depth. The depth provides a measure of centrality of an observation with respect to a given dataset or a population distribution.
A generalization of the multivariate concept of depth measure [5] to functional data
is given in [6]. In this work we deal with multivariate functional observations, i.e.,
statistical units where each component is a curve. Generalizations of the concept
of depth for functional data to the multivariate functional case, as well as the use of
depth measure for generalizing nonparametric tests [4] to the multivariate functional
case can be found in [1]. In that work we propose, analyze, and apply a new concept
of index of depth for multivariate functional data, obtained as an average of univariate centrality measures for univariate functional data. In [2] the construction of
the functional boxplots [7] is extended to the more complex context of multivariate
functional data. All these tools may be naturally applied in the biomedical context,
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and in particular in those applications that deal with cardiovascular diseases diagnoses carried out using Electrocardiographic (ECG) devices. In fact, ECG signals
can be considered as multivariate functional data with dependent components (see,
among others, [3]). In the context of the analysis of real ECG signals, some issues of
interest are, for example, classification of groups of curves with similar morphological patterns, multivariate functional outliers detection within a homogeneous group
and classical inference on mean, quantiles and variance of a specified subpopulations. From a clinical point of view, the first issue concerns how to carry out a semi
automatic diagnosis based only on the morphological deviations from physiological
patterns induced by the presence of the disease of interest; the second one leads to
profile “representative” curves for each pathology; finally the third one allows for
the investigation of the presence of statistically significant differences between the
subpopulations of pathological units and the physiological ones.
We will focus now on the multivariate functional outliers detection performed
through suitable multivariate functional depth indexes and applied to the validation
of ECG signals arising from numerical simulations.

2 Depth Measures for Multivariate Functional Data
In [1], starting from the definition of depth measure given in [6], a new concept
of multivariate functional depth measure is presented and statistical properties are
established and proved. Moreover, the modified version of the band depth is given,
and it is used to implement the modified version of the functional boxplot, introduced in [2]. Let X a stochastic process with law P taking values on the space C (I)
of real continuous functions on the compact interval I. The graph of a function
f ∈ C (I) is the subset of the plane G( f ) = {(t, f (t)) : t ∈ I}. The random band
depth, of order J ≥ 2, for a function f ∈ C (I) is then BDJPX ( f ) = ∑Jj=2 PX {G( f ) ⊂
B(X1 , X2 , ..., X j )}, where B(X1 , X2 , ..., X j ), for j = 2, ..., J is the random band in R2
delimited by X1 , ..., X j , independent copies of the stochastic process X, defined as
B(X1 , ..., X j ) = {(t, y(t)) : t ∈ I, minr=1,..., j Xr (t) ≤ y(t) ≤ maxr=1,..., j Xr (t)}. In [1]
a new definition of a band depth measure for multivariate functional data is given,
i.e., data generated by a stochastic process X taking values in the space C (I; Rs ) of
continuous functions f = ( f1 , ..., fs ) : I → Rs . A multivariate band depth measure is
defined as
BDJPX (f) =

s

s

∑ pk BDJPXk ( fk ),

k=1

pk > 0 f or k = 1, ..., s,

∑ pk = 1.

(1)

k=1

and proofs of the basic statistical properties of the multivariate band depth measure
are provided in [1].
If X1 , . . . , Xn are independent copies of the stochastic process X, the sample
version of (1) can be introduced in order to conduct descriptive and inferential
statistical analyses on a set of multivariate functional data f1 , ..., fn generated by
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the process X. For any f in the sample f1 , ..., fn we can compute the depth as
BDJn (f) = ∑sk=1 pk BDJn,k ( fk ), where, for the function fk ∈ C (I),
BDJn,k ( fk )

 −1
n
I{G( fk ) ⊂ B( fi1 ;k , ... fi j ;k )}
=∑
∑
1≤i1 <i2 <···<i j ≤n
j=2 j
J

and I{G( fk ) ⊂ B( fi1 ;k , ..., fi j ;k )} indicates if the band determined by ( fi1 ;k , ..., fi j ;k )
contains the whole graph of fk . The k component of the vector fi is denoted by fi;k .
As proposed in [6] also in this multivariate functional setting we can move to the
analogous of the modified band depth:
MBDJn (f) =

s

∑ pk MBDJn,k ( fk ),

(2)

k=1

where for the function fk ∈ C (I) the modified band depth measures the proportion of
−1
time that the curve fk is in the band, i.e., MBDJn,k ( fk ) = ∑Jj=2 nj
∑1≤i1 <i2 <···<i j ≤n

λ̃ {E( fk ; fi1 ;k , ..., fi j ;k )}, where E( fk ) =: E( fk ; fi1 ;k , ..., fi j ;k ) = {t ∈ I, minr=i1 ,...,i j
fr;k (t) ≤ fk (t) ≤ maxr=i1 ,...,i j fr;k (t)}, λ̃ ( fk ) = λ (E( fk ))/λ (I) and λ is the Lesbegue measure on I. The values of the modified band depth measure are stable
with respect to the choice of J, and in order to be computationally faster we set
J = 2 and we denote MBDJn (f) as MBD(f) in the following. The use of the modified
band depth measure avoids also having too many depth ties. Given the multivariate
band depth measure defined in (2), a sample of multivariate functional data f1 , ..., fn
can be ranked. In the following we denote f[i] the sample curve associated with the
ith largest depth value, so f[1] = argmaxf∈{f1 ,...,fn } MBD(f) is the median (deepest
and more central) curve, and f[n] = argminf∈{f1 ,...,fn } MBD(f) is the most outlying
one. Moreover, starting from the ranking provided for the sample of multivariate
curves, multivariate functional boxplots can be obtained, in order to assess multivariate functional outliers.

3 Application to real and simulated ECG signals
In the following, we think to an ECG signal as a multivariate function fi = ( fi;1 , ..., fi;8 )
with components fi;k s (k = 1, ..., 8), generated by a stochastic process that takes values in R8 . In other words it is considered as a signal composed by 8 correlated curves
(leads I, II, V1, V2, V3, V4, V5 and V6) for each statistical unit (patient). We then
apply the generalized concept of statistical depth to these multivariate functional
data in order to rank them, according to the degree of deepness they present with
respect to the entire sample. In [1, 2], an application of the tools briefly described
above to a dataset of real ECG signals is proposed, considering 100 physiological
traces, 50 Left Bundle Brunch Blocks (LBBBs) and 50 Right Bundle Brunch Blocks
(RBBBs). These procedures can then be applied in order to carry out functional
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Fig. 1 Lead I of the multivariate functional boxplot
for a simulated physiological ECG with respect to the
corresponding population of
the real physiological traces.
Black solid line represents
the functional median. Green
solid line is the simulated
ECG whose deepness we are
interested in for validating
numerical simulations.
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boxplots and to perform outliers detection for a new simulated ECG (physiological
or pathological), whose deepness with respect to the corresponding population of
signals we want to capture. Figure 1 shows the results on lead I of the multivariate
functional boxplot for registered QT segments (further technical details are provided
in [3]) of a sample of 100 phisiological and 1 simulated ECGs.
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We can then assess how much a simulated multivariate signal can be considered as
coming from a reference population of signals, computing its depth in the way we
described above. This is a new method for validating numerically simulated ECGs
from a statistical perspective.
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