Frailty multi-state models using
maximum penalised partial likelihood estimation
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Abstract We propose a way to incorporate frailties into multi-state models to account for clustering in complex survival data. Estimation is possible via maximum
penalized partial likelihood. This model can both account for risk differences between groups and model the risk of different events simultaneously.
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1 Introduction
The focus of many clinical trials is on the time to some event of interest and on how
given factors can accelerate or delay the process under study. In such contexts, the
Cox proportional hazards model [2] is one of the most popular regression models,
and many extensions have been developed for more complex problems. Multi-state
models allow a deep understanding of duration data in the presence of several endpoints, linked to each other [7]. Frailty models [3, 10] allow to analyse duration data
accounting for dependence among clustered data, e. g. in multicenter clinical trials
with patients from several hospitals.
The integration of frailties into multi-state models can allow to account for clustering in the framework of multi-state structures. Some applied works have appeared
in recent years [12, 1, 5], while theoretical research is still taking its first steps [8].
We propose a way to incorporate frailties into Markov multi-state models. Transforming data from wide to long format [6] permits to express the likelihood as that
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of a frailty model with stratification and left truncation. A semiparametric estimation
approach is then possible, based on the EMPL procedure [4] by Horny, extending
maximum penalized partial likelihood estimation [9].

2 Background
Frailty models
Consider n subjects, grouped in H clusters of sizes nh , with ∑H
h=1 nh = n. For each
subject i in cluster h, the time variable Thi contains the event or censoring time;
Nhi (t) is the counting process, being 0 until the time of the event and 1 afterwards;
Yhi (t) is the at-risk stochastic process, that is 1 if the subject is at risk at time t − and
0 otherwise.
The conditional hazard of subject i in cluster h, with covariates vector xhi , is then
λhi (t) = uh λ0 (t) exp{x>
hi β},

h = 1, . . . , H,

i = 1, . . . , nh ,

(1)

with λ0 (·) the baseline hazard, β the regression coefficients, uh the frailty term,
iid

unobservable realisation of Uh ∼ fU (·; θ ).
In a semiparametric estimation approach, no parametric form is assumed for the
baseline risk and the full loglikelihood is profiled w.r.t. it. The so-obtained penalized
partial loglikelihood, expressed in terms of counting processes, is
(
H

`PP (β, θ , u) =

log fU (uh ; θ )+

∑
h=1
nh

∑

)
i
(0)
log uh + x>
hi β − log Y (β, u,t) dNhi (t) ,

Z ∞h

i=1 0

(2)

n

>
h
with Y(0) (β, u,t) = ∑H
k=1 ∑ j=1 uk exp{xk j β}Yk j (t) the weighted risk set at time t
and where u = (u1 , . . . , uH ) is the vector of the frailties. Then, maximum penalized
partial likelihood estimation [9] is obtained by alternating the maximisation of (2)
on β and u for fixed θ and the maximisation on θ for fixed β and u.

Multi-state models
Markov multi-state models with proportional hazards can be expressed in terms of
the transition-specific hazard for transitions of type q, subject i
λqi (t) = λq0 (t) exp{β > xqi (t)},

q = 1, . . . , Q,

i = 1, . . . , n

(3)
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with λq0 (t) the baseline hazard for transitions of type q, β the vector of the stacked
transition-specific coefficient vectors βq , and xqi (t) a vector of transition-specific
covariates derived from the covariates vector xi by transforming data from wide to
long format [6].
For each transition type q ∈ {1, . . . , Q} and each subject i ∈ {1, . . . , n}, Nqi (t)
is the counting process being 0 at the beginning and increasing by 1 whenever the
subject experiences an event of type q; Yqi (t) is the at-risk stochastic process, being
1 if the subject is at risk of event q at time t − , 0 otherwise.
Once multi-state data are transformed into long format, the model can be treated
as a Cox model stratified on transition types and with left truncation at the times
of entering each state. Then, semiparametric inference for regression parameters is
based on the partial likelihood, i.e. the likelihood profiled w.r.t. the baseline hazards
λ10 (·), . . . , λQ0 (·) [11]. For the multi-state model (3), the partial loglikelihood is
n

`P (β) = ∑

Q

∑

Z ∞h

i=1 q=1 0

i
β > xqi (t) − log Yq(0) (β,t) dNqi (t),

(4)

n
>
with Y(0)
q (β,t) = ∑i=1 exp{β xqi (t)}Yqi (t) the weighted risk set at time t.

3 Multi-state models with nested frailties
In order to account for clustering in a multi-state framework, we consider now a
multi-state model with the addition of two frailties, one (vh ) for the cluster and one
(wqh ) for the transition type within the cluster. We define the conditional transitionspecific hazard as
λqhi (t) = vh wqh λq0 (t) exp{β > xqhi (t)},
q = 1, . . . , Q,

h = 1, . . . , H,

i = 1, . . . , nh , (5)

with uqh = vh wqh and assuming that
iid

Vh ∼ fV (v; θV ),

iid

Wqh ∼ fW (w; θq )

and

Vh ⊥
⊥ Wq j , ∀q, h, j.

Then, with Uqh = VhWqh , we have that
Uqh ⊥
⊥ Uk j , h 6= j,
Uqh 
⊥
⊥ Ukh , with Cor(Uqh ,Ukh ) > 0.
By analogy to multi-state models, the partial loglikelihood `P (β; v, w) can be
obtained, conditionally on the frailties v = (v1 , . . . , vH )> and w = (v11 , . . . , wQH )> ,
once the data are transformed into long format. Then, as in the case of semiparametric frailty models, the penalised partial loglikelihood is `PP (β, θ , v, w) =
`P (β; v, w) + log fV (v; θV ) + log fW (w; θ1 , . . . , θQ ). For the model (5) it is given by
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H

`PP (β, θ , v, w) =

∑

(

Q

log fV (vh ; θV ) + ∑

∑

Z ∞h

i=1 0

log fW (wqh ; θq )+

q=1

h=1
nh

(



log vh wqh + β

>

i

xqhi (t) − log Y(0)
q (β, v, w,t)

))
dNqhi (t)

, (6)

n

H
>
k
where Y(0)
q (β, v, w,t) = ∑k=1 vk wqk ∑ j=1 exp{β xqk j (t)}Yqk j (t) is the weighted
risk set at time t, conditional on the frailties. This likelihood corresponds to the
penalised partial loglikelihood of a nested frailty model with stratification and left
truncation; strata are the transition types and truncation times are the times of entering each state. Then, semiparametric estimation can then be performed via EMPL
algorithm proposed by [4] for multilevel frailty models.
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